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Counterexample to the passive topological censorship of K(pi, 1) prime factors
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A globally hyperbolic asymptotically flat spacetime is presented (having non-negative energy density and pressures) that shows
that not all K(pi, 1) prime factors of the Cauchy surface topology are passively censored according to asymptotic observers in
contradiction to an argument of Friedman, Schleich, and Witt.
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I. INTRODUCTION
One of the intriguing features of Einstein’s theory of
gravity is that it allows for the possibility that our Uni-
verse is topologically non-Euclidean. For instance, some-
where a wormhole may link otherwise very distant re-
gions of space together. Why then have such structures
not been observed? One possibility is that our Universe
just happens to be topologically trivial. However, Fried-
man, Schleich, and Witt argue that even if the Universe
is topologically nontrivial, observers that remain in the
asymptotic region (i.e., do not venture into black holes)
cannot probe this topology [1,2]. They name this effect
topological censorship.
Before discussing their results, we first present a few
definitions. Fix an asymptotically flat spacetime (M, gab)
and denote the null infinity associated with an asymp-
totic region of this spacetime by J (which is the dis-
joint union of a past part J − and a future part J +)
[4]. Denote the universal covering spacetime associated
with (M, gab) by (M˜, g˜ab). If M is not simply connected,
then (M˜, g˜ab) will have many distinct null infinities Ji
associated with J .
An asymptotically flat spacetime (M, gab) is said to
satisfy active topological censorship if there are no ho-
motopically distinct causal curves from J − to J + [1].
In such a spacetime, there is no way an observer in the
asymptotic region can actively probe the the nontrivial
topology of the spacetime by sending and receiving causal
signals as the paths taken by any two such signals are
necessarily homotopic. If M is simply connected, then
active topological censorship is automatically satisfied.
Otherwise, active topological censorship is equivalent to
the condition that
J+(J −i ) ∩ J
−(J +j ) = ∅, for i 6= j. (1.1)
An asymptotically flat spacetime (M, gab) is said to
satisfy passive topological censorship if there are no points
p ∈M for which there exist homotopically distinct causal
curves from p to J + [1]. In such a spacetime, there is no
way an observer in the asymptotic region can passively
observe the the nontrivial topology of the spacetime by
receiving causal signals from some point in the spacetime
as the paths taken by any two such signals are necessar-
ily homotopic. Again, if M is simply connected this is
automatically satisfied. Otherwise, passive topological
censorship is equivalent to the condition that
J−(J +i ) ∩ J
−(J+j ) = ∅, for i 6= j. (1.2)
Friedman, Schleich, and Witt have proven that active
topological censorship holds for the globally hyperbolic
asymptotically flat spacetimes satisfying the null energy
condition [1,3]. Therefore, unless our Universe contains
matter violating this energy condition or one is willing
to venture into a black hole, any experiment designed
to actively detect the Universe’s nontrivial topology by
sending and receiving causal signals will fail (in the sense
that all such signals will be homotopic).
They have also shown that passive topological cen-
sorship cannot be expected to hold for all “reasonable”
spacetimes by giving an example of a globally hyperbolic
asymptotically flat vacuum spacetime having the spatial
topology of RP 3 minus a point that violates this condi-
tion. Further, combining a theorem due to Schoen and
Yau [5] and the results of Gromov and Lawson [6], they
argue that any nontrivial topology of a Cauchy surface
due to a K(pi, 1) prime factor [7] must be surrounded by
an apparent horizon A, from which they conclude that
any violation of passive topological censorship cannot be
due to the K(pi, 1) prime factors.
Were the apparent horizon A surrounding a K(pi, 1)
factor always a future apparent horizon (the expansion of
a family of future-directed outgoing null geodesics nor-
mal to A being zero on A), then their argument would
be correct as such horizons necessarily lie behind event
horizons [4,8]. However, the Schoen-Yau theorem guar-
antees only thatA will be either a future or past apparent
horizon, which does not allow one to conclude that these
factors in the topology are passively censored.
We show that no such argument can be made by con-
structing a globally hyperbolic asymptotically flat space-
time satisfying the dominant-energy condition [3], whose
Cauchy surfaces are diffeomorphic to the three-torus less
a point (T 3 being a K(pi, 1) manifold), and whose uni-
versal covering spacetime violates Eq. (1.2). While we
do not show that all K(pi, 1) prime factors need not be
passively censored, there seems to be no reason why they
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should. Therefore, while “reasonable” spacetimes must
satisfy active topological censorship, a non-simply con-
nected spacetime should not be expected to satisfy pas-
sive topological censorship.
Our conventions are those of Ref. [4]. In particular,
our spacetime metrics are such that timelike vectors have
negative norms.
II. THE COUNTEREXAMPLE
Our counterexample is constructed from a dust-filled
k = 0 Robertson-Walker spacetime and a Schwarzschild
spacetime as follows [9]. (Similar counterexamples whose
Cauchy surface topology is a closed hyperbolic space less
a point can be constructed from the k = −1 Robertson-
Walker spacetimes.)
The k = 0 Robertson-Walker spacetimes have R3
Cauchy surfaces and can be coordinated so that the met-
ric hab is given by
h = a2(η)(−dη2 + dx2 + dy2 + dz2) (2.1a)
= a2(η)(−dη2 + dχ2 + χ2Ω), (2.1b)
where x, y, and z can be thought of as rectangular co-
ordinates, χ can be thought of as a radial coordinate,
and Ωab is a unit-metric on the two-sphere. With dust
as a source, a(η) = C(η/2)2, for some constant C, and
the dust flow is orthogonal to surfaces of constant η. We
shall take η > 0. (Note that these spacetimes are forever
expanding to the future.)
From such a k = 0 Robertson-Walker spacetime
(R4, hab), we construct a spacetime with T
3 Cauchy sur-
faces (R × T 3, h′ab) by identifying (R
4, hab) under a dis-
crete group of isometries which, for definiteness, we shall
take to be the three translations along x, y, and z by a
unit amount. (This way our spacetime is a “unit square
cell”.) This spacetime is locally spherically symmetric
so it can be locally coordinated by η, χ, and two angular
coordinates as in Eq. (2.1b).
We now construct our spacetime (M, gab) as follows. In
the spacetime (R× T 3, h′ab), consider the (locally spher-
ically symmetric) timelike three-surface T given by χ =
χ0 where χ0 is a constant satisfying 0 < χ0 < 1/2 that
will be chosen later. (The upper bound is needed so that
this tube “lies within a single cell”.) We now take the
region lying outside of T and attach it to a Schwarzschild
spacetime of mass (C/2)χ30 by constructing a “similar”
timelike three surface T ′ therein. See Fig. 1. (The choice
of the mass of the Schwarzschild spacetime is found by
viewing the Robertson-Walker spacetime as a spherically
symmetric spacetime, constructing the mass function m
thereon [10], and then evaluating m on T . Further, we
claim that such a matching can always be done in such
a way that there are no distributional surface layers of
matter, i.e., the matching is C1.)
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FIG. 1. A spacetime diagram representing a maximally ex-
tended Schwarzschild spacetime. The curve extending from
region III into region IV represents the timelike three-surface
T ′. The surface T ′ is to be attached to its analogous surface
T in the dust-filled spacetime with T 3 Cauchy surfaces. The
final spacetime includes everything “outside” of T in the T 3
Robertson-Walker spacetime and everything “to the right” of
T ′ in the Schwarzschild spacetime as drawn here.
Our spacetime (M, gab) is globally hyperbolic hav-
ing Cauchy surfaces diffeomorphic to T 3 minus a point.
Further, the asymptotic region of this spacetime is the
asymptotic region I of the Schwarzschild spacetime in
Fig. 1. Although this spacetime is not vacuum every-
where, it does satisfy the dominant-energy condition,
and indeed just about any reasonable energy condition
as the dust has positive energy density and zero pres-
sure. We now show that for an appropriate choice of χ0,
the spacetime (M, g) does not satisfy passive topological
censorship. To do this, we construct its universal cover-
ing spacetime and then construct the sets J−(J +i ).
The universal covering spacetime (M˜, g˜ab) of (M, gab)
can be represented by a k = 0 Robertson-Walker space-
time with a Schwarzschild spacetime attached to each
timelike three-surface of “radius” χ0 with “center” hav-
ing integer x, y, z coordinates. See Fig. 2.
FIG. 2. A 2+1 dimensional version of a portion of the uni-
versal covering spacetime of (M, gab). Each of the (locally
spherically symmetric) timelike three-surfaces are attached to
identical (though distinct) Schwarzschild spacetimes. A point
p that lies in the overlap region of two downward “cones” can
reach distinct null infinities by a future-directed causal curve.
Therefore, there exist homotopically distinct future-directed
causal curves from p to J +.
Consider the null infinity Ji associated with one of
the asymptotic Schwarzschild regions, e.g., the one “cen-
tered” at (x, y, z) = (0, 0, 0). From Fig. 1, we see that
the portion of J−(J+i ) in the Robertson-Walker part of
the spacetime is equivalent to the past of the portion of
T ′i which lies in region III of the Schwarzschild space-
time in Fig. 1. This is the portion of T ′i (equivalently Ti)
where ∇ar is past-directed timelike, where r is the size
2
of the spheres of symmetry, which in our case is given by
r = a(η)χ. A simple calculation shows that ∇ar is past-
directed timelike on the region where η < 2χ. Therefore,
the region were are interested in is that shaded in Fig. 3.
For a point p in this region, there exists a future-directed
causal curve passing through Ti that connects p to J
+
i .
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FIG. 3. A spacetime diagram showing the portion of
J−(J+
i
) in the Robertson-Walker part of the spacetime (i.e.,
the region shaded). The vertical line at χ = χ0 represents
Ti. The region of interest is precisely the region that is both
“outside” of Ti and that lies to the past of the portion of Ti on
which ∇ar is past-directed timelike. (In this diagram, each
point represents a sphere, excepting along the line χ = 0.)
So, since our “Schwarzschild ends” in the universal cov-
ering spacetime are “separated by a unit amount”, from
Fig. 3 it is clear that if we construct our spacetime with
χ0 > 1/6, the “shaded regions” will overlap, and there-
fore, as illustrated in Fig. 2, the pasts of distinct future
null infinities will overlap. Therefore, condition Eq. (1.2)
is violated for χ0 > 1/6, showing that these spacetimes
violate passive topological censorship.
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